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Abstract 

We introduce a more general version of the so-called L-R-smash product and study its 
relations with other kinds of crossed products (two-sided smash and crossed product and 
diagonal crossed product). We also give an interpretation of the L-R-smash product in 
terms of an L-R-twisting datum. 

Introduction 

The L-R-smash product was introduced and studied in a series of papers pQ, [2], [3], [I], with 
motivation and examples coming from the theory of deformation quantization. It is defined as 
follows: if if is a cocommutative bialgebra and A is an ii-bimodule algebra, the L-R-smash 
product A \ H is an associative algebra structure defined on A ® H by the multiplication rule 

{if \ h)(ip' tj ti) = {f ■ • iff) \ h 2 h' 2 , Vip,<p' G A, h, ti G H. 

If the right i?- act ion is trivial, A \ H coincides with the ordinary smash product AjfcH. 
Our first remark is that, if we replace the above multiplication by 

(if \ h)(<p' \ ti) = (ip ■ h' 2 )(hi ■ ip') \ h,2h[, V ip, ip 1 G A, h, h' G H, 

then this multiplication is associative without the assumption that H is cocommutative; this 
more general object will also be denoted by A \ H and called L-R-smash product. 
Actually, we introduce a much more general construction: we define an L-R-smash product A \ A 
(an associative algebra), where A is a bimodule algebra and A is a bicomodule algebra over a 
quasi-bialgebra H. Our motivation for defining the L-R-smash product in this generality stems 
from its relations with some constructions from and [Jj. Indeed, let H, A, A be as above 
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and also A a left fZ-module algebra, B a right i?-module algebra, 21 a right i?-comodule algebra 
and 03 a left -ff-comodule algebra; then A®B becomes an //-bimodule algebra and 21(8)03 an ii- 
bicomodule algebra, and we prove that we have algebra isomorphisms {A®B) \ A ~ A^<A >^ B 
and A\\ (2l(8*B)~2lxi^lix5S, where ^4*<A B and 21 X] A X 53 are the two-sided smash 
and crossed products introduced in [7j, ^2J. These results combined with the ones in [7j suggest, 
and we are able to prove, that if H is moreover a quasi-Hopf algebra then A \\ A is isomorphic 
to the generalized diagonal crossed product A IX A constructed in [2j (based on [El)- As a 
consequence of this, we get a new realization of the quantum double of a finite dimensional 
quasi-Hopf algebra H, having the L-R-smash product H* \\ H as algebra structure. Also as 
a consequence, we obtain that over a cocommutative Hopf algebra H, an L-R-smash product 
A \ H is actually isomorphic to an ordinary smash product A#H, where the left H- action on 
A is now given by h — > cp = hi • cp ■ S(fi2)- 

Note that the multiplication of a diagonal crossed product (such as the quantum double of a 
Hopf or quasi-Hopf algebra) involves the antipode, while the one of an L-R-smash product does 
not. Hence, the L-R-smash product is not only a generalization of the ordinary smash product, 
but it can be regarded also as a substitute of the diagonal crossed product for bialgebras without 
antipode. 

More can be said about the L-R-smash product over bialgebras and Hopf algebras. For instance, 
we provide a Maschke-type theorem for L-R-smash products, we give an interpretation (inspired 
by ^5) °f the L-R-smash product in terms of what we call an L-R- twisting datum, and we find 
the counterpart, for twisted products, of the isomorphism between the L-R-smash product and 
the generalized diagonal crossed product. 

For completeness and possible further use, we also introduce the dual version of the L-R-smash 
product (over bialgebras), called L-R-smash coproduct (generalizing Molnar's smash coproduct). 

1 Preliminaries 

In this section we recall some definitions and results and fix notation that will be used throughout 
the paper. 

We work over a commutative field k. All algebras, linear spaces etc. will be over k; unadorned 
<8 means <8fc- Following Drinfeld UJ, a quasi-bialgebra is a fourtuple (H, A, e, <£), where H is an 
associative algebra with unit, $ is an invertible element in H (8 H ® H, and A : H — > H (8 H 
and e : H — > k are algebra homomorphisms satisfying the identities 



{id <8 A)(A(/i)) = $(A <g) id)(A(/i))$-\ 

{id ® e)(A(/i)) = h®\, (e <8> id){A{h)) = l®h, 



(1.1) 
(1.2) 



for all h € H, and $ has to be a normalized 3-cocycle, in the sense that 



(1 (8 $)(id (8 A (8 id)($)($ (8 1) = {id ®id® A)($)(A <g> id <8 
{id (8) £ (8 id)($) = 1 (8 1 (8 1. 



(1.3) 
(1.4) 



The identities (fO) . (jO]) and ([Q)l also imply that 



(e (8 id (8 icf)(<£) = (id (8 id (8 e)($) = 1 <8 1 (8 1. 



(1.5) 
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The map A is called the coproduct or the comultiplication, e the counit and <3? the reassociator. 
We use the version of Sweedler's sigma notation: A(h) = h\ (g h 2 , but since A is only quasi- 
coassociative we adopt the further convention 

(A <g id)(A(h)) = (g h(i j2 ) <g h 2 , (id <g A)(A(h)) = h\ <g fy 2 ,i) <g ^(2,2), 

for all h £ H. We will denote the tensor components of <I> by capital letters, and those of $ _1 
by small letters, namely 

$ = I 1 ®I 2 ®I 3 = T 1 8T 2 ®T 3 = y 1 ®y 2 07 3 = -- 
= x 1 <g x 2 ® x 3 = t 1 <g i 2 <g t 3 = y 1 <g y 2 = • • • 

The quasi-bialgebra H is called a quasi-Hopf algebra if there exists an anti-automorphism S of 
the algebra H and elements a,(3 £ H such that, for all h £ H, we have: 

SQi^ahi = e(h)a and h^S{h 2 ) = e(h)P, (1.6) 
X 1 /3S(X 2 )aX 3 = 1 and S^xV^/^x 3 ) = 1. (1.7) 

The axioms for a quasi-Hopf algebra imply that e(a)e((5) = 1, so, by rescaling a and f3, we may 
assume without loss of generality that e(a) = e((5) = 1 and e o S = e. 

Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is " twist covariant" 
in the following sense. An invertible element F G H <g H is called a gauge transformation or 
twist if (e (8) id)(F) = (id <g s)(F) = 1. If -ff is a quasi-bialgebra or a quasi-Hopf algebra and 
F = F l ®F 2 £ H®H is a gauge transformation with inverse -F -1 = G 1 fgG 2 , then we can define 
a new quasi-bialgebra (respectively quasi-Hopf algebra) .Hp by keeping the multiplication, unit, 
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the comultiplication, 
reassociator and the elements a and (3 by 

A F (h) = FA(h)F-\ (1.8) 
$ F = (1 ® i?)(id ® A)(F)$(A ® id)(F _1 )(F _1 ® 1), (1.9) 
a F = ^(G^qG 2 , f = F 1 I3S{F 2 ). (1.10) 

It is known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf 
algebra, we have the following: there exists a gauge transformation f £ H ® H such that 

fA(S(h))f- 1 = (S ® S)(A cop (/i)), for all h E H. (1.11) 

The element / may be computed explicitly. First set 

A 1 <g A 2 ® ,4 s (g) A 4 = (3> ® 1)(A (g id <g id)($ _1 ), (1.12) 

B 1 ® B 2 ® B 3 ® B 4 = (A ® id ® id)($)($ -1 <g 1), (1.13) 
and then define j,5 E H <gi H by 

= S(A 2 )aA 3 S(A 1 )aA 4 and <5 = B 1 [3S(B 4 ) <g> B 2 f3S(B 3 ). (1.14) 

Then / and / _1 are given by the formulae 

/ = (,S®S)(A co V)) 7 A(x 2 /3S(x 3 )), (1-15) 
/- 1 = A(,S(x 1 )qx 2 )5(5® < S)(A cop (x 3 )). (1.16) 
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Suppose that (H, A, e, $) is a quasi-bialgebra. If U, V, W are left (right) //-modules, define 

au,v,w, &u,v,w ■ (U <8> V) <g> W U <g> (V <g> W) by 

au,v,w(( u <8> v) <8> io) = • (u <g> (v u;)), 
a r/,v,vy(( , u ® w) ® to) = (it <8> (v <8> w)) ■ 5>~ . 

The category #.M (Mj) of left (right) //-modules becomes a monoidal category (cf. [T4"] . 
[TB] for the terminology) with tensor product <8> given via A, associativity constraints ajj,v,w 
( a U,V,w), unit ^ as a trivial //-module and the usual left and right unit constraints. 
Now, let H be a quasi-bialgebra. We say that a fc-vector space A is a left //-module algebra if 
it is an algebra in the monoidal category h-M, that is A has a multiplication and a usual unit 
1a satisfying the following conditions: 

(aa')a" = (X 1 ■ a)[{X 2 ■ a')(X 3 ■ a")}, (1.17) 
h-(ad) = (h 1 -a)(h 2 -d), (1.18) 
h-l A = e(h)l A , (1.19) 

for all a, a , a £i and h £ //, where /i®a — > /i • a is the left //-module structure of A. Following 
[5] we define the smash product A#H as follows: as vector space A#H is A®H (elements a®h 
will be written a^h) with multiplication given by 

(a#h)(a'#h') = (x 1 • a)(x 2 h 1 • a')#x 3 h 2 h , (1.20) 

for all a, a' G A, h, h' G //. This A#H is an associative algebra with unit 1a#1h and it is 
defined by a universal property (as Heyneman and Sweedler did for Hopf algebras), see UJ. 
For further use we need also the notion of right //-module algebra. Let H be a quasi-bialgebra. 
We say that a fe-linear space B is a right //-module algebra if B is an algebra in the monoidal 
category A4h, i>e. -B has a multiplication and a usual unit 1b satisfying the following conditions: 

(bb')b" = (b • x 1 )[(6' • x 2 )(b" ■ x 3 )}, (1.21) 
(bb')-h = (b-hi)Q> -h 2 ), (1.22) 
l B -/t = e(^l B , (1.23) 

for all b, b' , b" G B and /i G //, where 6 (g> ft — » b ■ h is the right //-module structure of Z3. 
Recall from |12j the notion of comodule algebra over a quasi-bialgebra. 

Definition 1.1 Let H be a quasi-bialgebra. A unital associative algebra 21 is called a right H- 
comodule algebra if there exist an algebra morphism p : 21 — > 21 <8> H and an invertible element 
®p G 21 ® H <g> H such that: 

® p (p ® id)(p(<x)) = (id <g> A)(p(a))# p , V a G 21, (1.24) 

(la <g) $)(id <g> A ® id)($> p ){<$> p ® 1 H ) = (id <g> id <g> A)($ p )(p <g> id <g> id)($ p ), (1-25) 

(id ® e) o p = id, (1.26) 

(id® £ ® «d)($ p ) = (id ® id ® e)($ p ) = 1» ® Iff. (1.27) 
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Similarly, a unital associative algebra 23 is called a left H-comodule algebra if there exist an 
algebra morphism A : 23 —* H ® OS and an invertible element $a £ ii ® ii ® 23 such that the 
following relations hold: 

(id® A)(A(b))$ A = $A(A®id)(A(b)), V b € 53, (1.28) 

(In ® *A)(»d ® A ® uJ)(*a)($ ® 1«b) = (*d ® »rf ® A)($a)(A ® id® id)($ A ), (1-29) 

(e ® id) o A = id, (1.30) 

(id ® e ® «0(*a) = (e ® id ® id)($ A ) = Iff ® 1»- (1-31) 

When H is & quasi-bialgebra, particular examples of left and right ii-comodule algebras are 
given by 21 = 23 = if and p = A = A, <J> p = $ A = <F 
For a right ii-comodule algebra (21, p, ^p) we will denote 

p(a) = a< > ® a<i>, (p ® id) (p(a)) = a <0 ,o> ® a<o,i> ® a<i> etc. 
for any a £ 21. Similarly, for a left ii-comodule algebra (23, A, ^a), if b £ 23 then we will denote 

A(b) = b[_i] ® b[ ], (id® A)(A(b)) = b[_i] ® b[ -i] ® b[ ,o] etc. 
In analogy with the notation for the reassociator $ of H, we will write 

<& p = x\ ® x p 2 ® x 3 = y; ® y p 2 ® y p 3 = • • • 



> p 1 = x\ ® x 2 ® x 3 = yj ® y 2 ® f p 



and similarly for the element §\ of a left ii-comodule algebra 23. 

If 21 is a right ii-comodule algebra then we define the elements p p , q p £ 21 ® H as follows: 

Pp = P P ®Pp = x^®x^?S(x 3 ), d p = ^®d 2 = X p ®5- 1 (a^)^p. (1-32) 
By |12l Lemma 9.1], we have the following relations, for all o € 21: 

p(a<o>)p P [la ® 5"(a<i>)] = p p [a ® 1//], (1.33) 

[la ® ^- 1 (a<i>)]op/o(a<o>) = [a® l H ]g pj (1.34) 

ptiDppV-H ® S(d 2 )] = la ® Iff, (1-35) 

[1« ® 5 _1 (p?)]?pP(^) = la ® Iff- (1-36) 

Let H be a quasi-bialgebra, A a left if-module algebra and 23 a left ii-comodule algebra. Denote 
by ^.►<23 the /c-vector space A ® 23 with newly defined multiplication 

(aKf))(a'Kb') = (x| • a)(x 2 b hl] • a')*<x 3 b [0] b' , (1.37) 

for all a, a' £ A and b, b' £ 23. From [3] it follows that A^<23 is an associative algebra with unit 
^►<ls8. If we take 23 = H then AxH is just the smash product A#H. For this reason the 
algebra A^<23 is called the generalized smash product of A and 23. 

The following definition was introduced in ^2] under the name "quasi-commuting pair of H- 
coactions" . 

Definition 1.2 Let H be a quasi-bialgebra. By an H-bicomodule algebra A we mean a quintuple 
(A, p, <5>\, <& p , $A,p)> where A and p are left and right H-coactions on A, respectively, and where 
$A€fl®^8A, <3? p £ A ® ii ® ii and $a, p £ H ® A ® H are invertible elements, such that: 



- (A, A, 3> A ) is a left H-comodule algebra; 

- (A, p, $> p ) is a right H-comodule algebra; 

- the following compatibility relations hold: 

$\ iP (\®id)(p(u)) = (id®p){\(u))$x,p, VnG A, (1.38) 
(1 H <g> $A,p)(»d ® A ® id)($ v )($ A ® in) = (id ® id ® p)($ A )(A ® id ® id) (**,/»)> (1-39) 
$ p )(id ® p ® zd)($ AiP )($ AiP ® 1^) = (id ® id ® A)(<£> AjP )(A <g> id ® id)($ p ). (1.40) 

As pointed out in [TS|, if A is a bicomodule algebra then, in addition, we have that 

(Mfo®idA®e)(*A,p) = lff®lA, (e<8>idA®idif)($ Aj p) = U ® Iff. (1.41) 

A first example of a bicomodule algebra is A = H, X = p = A and <3? A = <&p = <J> A)P = $. 
Related to the left and right comodule algebra structures of A we keep notation as above. For 
simplicity we denote 

$ A p = e 1 ® g 2 ® e 3 = 1 ® e 2 ® e 3 = e 1 ® e 2 <g> e 3 , 

Let us denote by h-Mh the category of if-bimodules; it is also a monoidal category, the asso- 
ciativity constraints being given by a u,v,w ■ {U ®V) ®W ^ U ® (V <S> W), 

&u,v,w({u <8> v) ® w) = $ • (u ® (v ® w)) • (1-42) 

for any U,V,W G h-Mh and u £ U, v £ V and w G W. Therefore, we may define algebras 
in the category of ii-bimodules. Such an algebra will be called an ff-bimodule algebra. More 
exactly, a k- vector space A is an if-bimodule algebra if A is an //-bimodule (denote the actions 
by h ■ <p and tp ■ h, for h G H and (p G A) which has a multiplication and a usual unit 1 A such 
that the following relations hold: 

(¥>V0£ = (x 1 ■ <P ■ xl )[{X 2 ■ tp ■ x 2 )(X 3 ■ £ ■ x 3 )], Vp,iP,teA, (1.43) 
h-(pip) = (hi-(p)(h 2 -tp), (ptp)-h = (p-h 1 )(tp-h 2 ), V p,t/j G A, h G H, (1.44) 
ft . 1_4 = e{h)l A , l A -h = e(h)l A , VhsH. (1.45) 

Let if be a quasi-bialgebra. Then H* , the linear dual of H, is an ff-bimodule via the if-actions 

< ip,h' >= <p(h!h), < p <— h,h' >= ip(hh'), V p G H* , h,h' G H. (1.46) 

The convolution < ipt/j,h >= i^(/ii)?/>(/i2), p, tp G H*, h £ H, is a multiplication on H*; it is 
not in general associative, but with this multiplication H* becomes an ilf-bimodule algebra. 

2 L-R-smash product over quasi-bialgebras and 
quasi-Hopf algebras 

We introduce the general version of the L-R-smash product as follows. 
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Proposition 2.1 Let H be a quasi-bialgebra, A an H-bimodule algebra and A an H-bicomodule 
algebra. Define on A® A the product 

{if \ u){ip \ u) = {x\ ■ <p ■ 3 u' <1> ^)(x^ [ _ 1] 1 • $ • xj) \\ xlu^u'^xl (2.1) 

for ip,ip G A and u, u G A, where Q' 1 = x p <g> x p <g> x p , <I>^ 1 = x\ x\ <S> x\, <3?^"* = 9 1 ®9 2 <g> 6 3 , 
and we write ip\\u in place of (p®u to distinguish the new algebraic structure. Then this product 
defines on A® A a structure of associative algebra with unit 1^ \\ 1a, denoted by A \ A and called 
the L-R-smash product. 

Proof. For tp,i/j,£ G A and u, u ,u G A we compute: 
[(<p\\u)W\\u')]((;\iu") 

d£U> = [(x\ ■ ^ ■ e^'^x^ixlu^f 1 ■ i; ■ x 3 p ) [\xl U[0] e 2 u' <0> x p ](^u") 

((yI)2X^ hl] 1 -V"x^ 1>2 (y2) 2 )] 

(j'A(^A)[-l]( u [O])hl] f-l]( U <O>)hl]( £ p)hl]^ 1 ' £ ■ y 3 P ) 
\ fx ( X X ) [0] («[0] ) [0] f 0] « > ) [0] J) [0]^<0> v\ 

mnm = [(i 1 yi^^v <1> ^^ 2 ) <1> ^ <1>i( y2 )i) 

(t 2 (y2) 1 4n hl] 1 ^^ 3 xXi> 2 (yp)2)] 
(t 3 (y2) 2X 2 (n[o])[ _ i] ^ i]( ^ <o>)[ _ i] ^i . ^ . ~3 } 

ti y 3 £ 3 («[o] ) [o] o [o] (V<o> ) [o] Q 2 1 ) <o>5 J«<o> yp 

caacmao = c^i • ^ - ^< 1> ^(^ 2 ) <1> « 0> ) <1> ^(^) 1 t i ) 
[((yl) 1 u [ _ 1]l ^ i -^-0 3 < 1> ^(^) 2 t 2 ) 

((y 2 ) 2 n [ _ 1]2 x|^ 1] (n' <o> ) hl] 0V ■ £ • y 3 i 3 )] 
t| £a«[o] ^jo] ( n <o> ) [o] # 2 ) <o> « > ) <o> x l p y l p 

(EMI) = (yi-^-^6 i3 (^o])<i>(^)<i>(<o>)<i>^(yp)ii 1 ) 

tl fx u [o] x x e [o] Q 2 i u {o] ) <o> (f ) <o> «o> ) <o> x\f p 

mmm = (yi^^ 3 (ii)<i>(>])<i>(^)<i>(<o>)<i>(^)<i>yp) 

[((yl) lUhl]i elx\ ■ $ ■ tu'^xKy 3 )!) 
((y 2 ) 2 n hl]2 ^x|n' hl] 1 ^-x 3 (y 3 ) 2 )] 

\ y 3u [o]6 |2 (4)<o>(^o])<o>(^ 2 )<o>«o>)<o>(ip)<o>yp 
= {v\\u)[{xl-tl)-tu>!, x> xl){^ 

hence the multiplication is associative. It is easy to check that l_4 \ 1a is the unit. □ 
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Remark 2.2 It is easy to see that, in A \ A, we have (1 \ u)(l \ u') = 1 \ uu' for all u, u' G A, 
hence the map A — > A \ A, u \— > 1 \ u, is an algebra map, and (<p \ 1) (1 \ u) = cp ■ ii<i> \ u < q > . 

Examples 2.3 1) Let A be a left fi-module algebra. Then A becomes an if-bimodule algebra, 
with right if-action given via e. In this case the multiplication of A \ A becomes 

(a \ u)(a' \ u) = {x\ ■ a)(x|«[_!] • ip) tj x{u [0] u ', 

for all a, a' £ A and u, u' G A, hence in this case A \\ A coincides with the generalized smash 
product AkA. 

2) As we have already mentioned, H itself is an fi-bicomodule algebra. So, in this case, the 
multiplication of A \ H specializes to 

(ip \ h)(ip \ h') = (x 1 -ip- t^h'^^h^ 1 ■ $ ■ y 3 ) \ x 3 h 2 t 2 h[y\ (2.2) 

for all <p, ip G A and h, h G H. If the right ii-module structure of A is trivial, then A\\H 
coincides with the smash product A#H. 

3) Let H be an ordinary bialgebra, A an fi-bimodule algebra and A an fi-bicomodule algebra 
in the usual (Hopf) sense. In this case the multiplication of A \ A becomes: 

(<p \ u)(ip \ u) = {if ■ • ip) \\ u [0] u' <0> , (2.3) 

for all (p, ip G A and u, u G A. If moreover A = H, the multiplication of A \ H is 

(<p\\ h){ip \\ti) = ((f-h^ihi -V) \\h 2 h[, V <p,ip eA, h,ti £H. (2.4) 

In case H is cocommutative, this product can be written as 

(<p \ h){i> \ ti) = (<p ■ ti x ){h x ■ \ h 2 h' 2 , (2.5) 

and this was the original L-R-smash product defined in pQ, [2J, [3], @|. 

Recall from [7j the so-called two-sided generalized smash product, defined as follows. Let H be a 
quasi-bialgebra, A a left ii-module algebra, B a right //-module algebra and A an fi-bicomodule 
algebra. If we define on A ® A ® B a multiplication, by 

(aK-u, X b)(aXu X b') 

= (x\ ■ a)(^U[_ 1] & 1 • a')Kx|u [0 ]^ 2 u' <0> 4 X {b ■ flV^zjKb' ■ x% (2.6) 

for all a, a G A, u,u G A and b,b' G -B (we write a^<u 6 for a ® u ® &), and we denote this 
structure by A^<A >^ B, then it is an associative algebra with unit 1a^<1a >^ Is- 
Note that, given A, B as above, A (g> B becomes an ff-bimodule algebra, with if -actions 

h-(a®b)-h' = h-a®b-h', V a G A, h,h' G if, b G B. (2.7) 

Proposition 2.4 If H,A,B,A are as above, then we have an algebra isomorphism 

(j) : (A ® B) \ A ~ AkA 5, 

<X(a <g> 6) \ u) = aXu X b, V a G A, 6 G B, u G A. 
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Proof. We compute: 

0([(o®6) tl u)][(a'®b') \\u'\) 

= <f>({x\ ■ (a ® 6) • flV^xJ) (£a«[-i] 01 • (a' ® b ') ' tf>) t| x A « [o] 0V <o> xJ) 
= (j){(x\ ■ a ® b ■ 9\' <1> x 2 p )(xlu[^i]e 1 ■ a' ® b' ■ x p ) \ x|u [O ]0V <o> xi) 
= • a)(5|n [ _ 1] 1 • a') ® (6 • e 3 U ' <1:> x 2 p )(b' • 5*)) t) a$u [o] 0V <o> 5j) 

= (4 • aX^hi]^ • a')K^[o]# 2 <o>^ >« ( b • 3 <i>^)(&' ' £?) 
= (aKu X b)(a'xv! X b') 

= (j)((a ® b) \ u)4>((a' ® b') \ u'), 

and the proof is finished. □ 

Recall from [7j the so-called generalized two-sided crossed product, defined as follows: if H 
is a quasi-bialgebra, 21 a right .ff-comodule algebra, 23 a left .ff-comodule algebra and A an 
.ff-bimodule algebra, define on 21 (8) A ® 53 a multiplication by the formula 

(a x </? x b)(a' x <// x b') 

= a<o>^>^(4-^-a' <1> x2)(^b hl] . V p'.i3)><x|b [0] b / , (2.8) 

for all o, a' G 21, b, b' G 23 and (p, ip' € A, where we write a X ip X b for a ® y? ® b. Then 
this multiplication yields an associative algebra structure with unit 1% X 1.4 X denoted by 
21 X ^4 X 23. For finite dimensional and A = H* we recover the two-sided crossed product 
21 XH* X 23 from [E]. 

Note that, given 21, 23 as above, 21 ® 23 becomes an i/-bicomodule algebra, with the following 
structure: p(o®b) = (o< > ® b) ® a<i>, A(a®b) = b[_i] ® (0® b[ ]), $ P = (X p ® 1®) ® X p ® X^, 
$ A = ® X| ® (la ® X|), $ A , P = Iff ® (1^ ® 1<b) ® 1 H , for all a € 21 and b £ 23. see [T2]. 

Proposition 2.5 // .A, 21, 23 are as above, then we have an algebra isomorphism 
t : A t| (21 ® 23) ~ 21 X -4 X 23, 

r(<£ tl (0 ® b)) = a X <p X b, V <p E A, a £ 21, b € 23. 

Proof. We compute: 

r((y?ti (a®b))(V ^ (a'®b'))) 

= ■ <p ■ (a' ® b / )<i>ip)(x|(o ® b) hl] • y/ • xj) 

tl (1st ® ^|)(a ® b)[o](o' ® b / )<o>(^p ® 1®)) 

= T ((^i • V • a<i>x 2 )(x|b hl] • 99' • xj) t| (la ® x|)(a ® b [0] )(a' <0> ® b')(*J ® 1*)) 

= t ((^a • V • a<i>^)(^! b [-i] • </>' ■ »J) tl (<»<o> £ J ® 5 A b [o]b')) 

= aa <o> 5 p x (4 • <P ■ ^<i>^)i.^fi[-i] ' ^ ' 5 p) ^< ^[o] 6 ' 
= (a x <p X b)(a' x <p' X b') 

= r(y^ (a®b))r(<^ (o'®b')), 
and the proof is finished. □ 
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Assume that H is a quasi-Hopf algebra, A is an if-bimodule algebra and A an ff-bicomodulc 
algebra. Recall from [Jj the so-called generalized diagonal crossed product (which for A = if* 
gives the diagonal crossed product from Jl]). Namely, define the element 

n = (xl^xie 1 ® (xl^xlef^ ® (xj) [o] si0f o] ® s-^/ 1 *^ 3 ) ® s-^fxl) (2.9) 

in if® 2 ® A ® if® 2 , where $ p = X p ® X 2 ® A^, = ® x\ ® x\, $^ = (9 1 ® 6> 2 ® <9 3 and 
/ = / ® / 2 is the twist defined in Q1.15|) . Then define a multiplication on A ® A, by: 

(<p X n)(-0 M u) = {VL l ■ <p ■ O 5 )(r2 2 ii <0>[ _ 1] ■ -0 ' 5' _1 (n < i > )0 4 ) IX r2 3 n <0>[0] u', (2.10) 

for all (p,ip E A and it, u' € A. Then this multiplication defines an associative algebra structure 
with unit I4 1x1 1&, which will be denoted by A cxi A. 

It was proved in [7] that, for an if -bimodule algebra of type A ® B, where A is a left if -module 
algebra and B is a right if -module algebra, we have (A ® f?) xi A ~ A^<A >^ f>, hence, by 
Proposition 12.41 we obtain (A ® B) xi A ~ (A ® f?) t| A. Also, it was proved in |7j that, for 
an ff-bicomodule algebra of type 21 ® 03, where 21 is a right ii-comodule algebra and 03 is a 
left if-comodule algebra, we have A cxi (21 ® 53) ~ 21 x .4 x 03, hence, by Proposition 12.51 we 
obtain A X (21 ® 23) ~ A \\ (21 ® 03). This raises the natural question whether we actually have 
„4 cxi A ~ A \ A for any if -bimodule algebra A and any ff -bicomodule algebra A. We will see 
that this is the case, and for the proof we need first to recall some formulae from [Jj. Namely, 
if we denote by Q p ® Q 2 p another copy of q p , then we have: 

e^ 1 ® e^ 2 ® $(e 2 n 3 ) <0 > ® ^ 5 5- 1 (e 3 ) 1 (g 2 ) 1 (e 2 ^ 3 ) <1>1 

® fi 4 5- 1 (e 3 ) 2 (g 2 ) 2 (e 2 ^ 3 ) <1>2 = xie 1 ® ^ef^e 1 ® ^gJ(e 2 ef 0] Qj^ >)<o>xJ 



® 5- 1 (© 3 e 3 )g 2 (0 2 e 2 o] Qie 2 <o> ) <1> x 2 ® ^(e^e^o* (2.11) 

© w<o>[_i] ® (Qp0io>)<o>^<o> [o]<o> ^'<o> ® (Qp io>)<i> i p n <o> [o]<1>i u '<i> 1 
® 5'" 1 (0 3 «<i>)Qp0<i> S p n <o> [ o] <1>2 n '<i> 2 = w^ijB 1 ® (u [0] Q 1 p ) <0> (Q 2 u') <0fi> x 1 p 

® («[o]Qp)<i>(e 2 n') <0 ,i>Xp ® s- 1 (e 3 )Q 2 (eV) <1> « 3 , (2.12) 

1 ® ^© 2 <o> ® 5 ,_1 (© 3 )9p©<i> = (©[-i]* 1 ® (qDlof 2 ® 9 2 ^ 3 . (2.13) 

Theorem 2.6 Lei H be a quasi-Hopf algebra, A an H -bimodule algebra and A an H -bicomodule 
algebra. Then the map 

v : AM A -> „4 t] A, (2.14) 

K^«) = e 1 ^- 5- 1 (e 3 )g 2 e 2 1> n < i> ti ^e 2 0> n< >, (2.15) 

/or all (p £ A and m6A, is an algebra isomorphism, with inverse 

v~ l : A tj A -> ytM A, (2.16) 
tl u) = 9 1 ■ if ■ S-^e^^fp) cxi 2 u<o>pj, (2.17) 



and i/ws isomorphism is compatible with the isomorphisms (A<S>B) \\ A ~ Ax.k± X B, (A®B) ex 
A ~ AxA X B and A \ (21 ® 03) ~ 21 X A X 03, A cx (21 ® 03) ~ 21 X A X 03. 
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Proof. First we establish that v is an algebra map. We compute: 

v(((f ixi u)(ip ixi u')) 

$nmm = (®^ 1 ^-^ 5 -s , - 1 (® 3 )i(^)i(© 2 ^ 3 )<i>i«<o> [ o ]<1>1 «'<i> 1 ) 

(e^Vo> [ _ 1] • ^ • 5- 1 (^<i>)^ 4 5- 1 (0 3 )2(^)2(e 2 fi 3 ) <1>2 n <o>[o]<i>2 n' <1>2 ) 

\ gp(e 2 fi 3 ) <0 >n <0 > [0]<o> u' <0> 

(mm = (^e 1 •^•s-^0 3 e 3 )g2 | 1> ef o]<i> ^ 

(x 2 v 1 8 2 _ 1 ]9 w<o> [ _ 1] • V • 5 '" 1 (0 3 «<i>)Qp0<i>^<o> [ o ]<1>2 «<l> a ) 
\ i A^©<o>0[o] <o> (Qp0io>)<o>^ < o> [o]<o> n' <o> 

= (^g^-s-H© 3 © 3 )^© 2 ^©^ 

(£!0 1 Gf_ 1] « [ _ 1] e 1 • v • 5- 1 (e 3 )Q 2 (e 2 n')< 1> x 3 ) 

t| i|gp©<o>0 2 3]<o>( n [o] ( 5p)<o>(0 2 «')<o,o>ip 

dug) = (4e 1 -( /7 -5- 1 (e 3 )g^ 3 ef 0]<i> (n [0] Qi) <1> (e 2 n') <0 ,i>5 2 ) 
(^©[-i^ef^u^e 1 • ^ • 5- 1 (e 3 )Q2(eV ) <1> 5 3 ) 

tl ^i(9p)[o] 6 ' 2 @fo] <o> ( u [o] ( 5p)<o>(0 2 n')<o,o>xp 

jni = (40 1 ^-5- 1 (e 3 )g 2 e 2 <1> n <1> 3 (Q p )<i>(eV) <Oil> x 2 ) 

(^(^)[-i]e 2 0>[ _ i]U <o> [ _ 1] ^ 1 e 1 • v • s-^OJCeV)^) 

tl ^A(9p)[o]0<o> [o] u <o> [o] 6 |2 (Qp)<o>(0 2 M')<o,o>5p 

(23) = (e^^-.s-He 3 )^ 2 ^Jg 2 0> « <0 >) 
(e 1 • 4 ■ s-^Qle^u'^ \ Q p e 2 0> < Q> ) 

(|2.15j) = z/(</? X u)v[^) ixi « ), 

as needed. The fact that v(A txj 1) = 1 t| 1 is trivial. 

We prove now that i/ and z/ _1 are inverses. Indeed, we have: 

vv~ l (tp \ u) 
v~ l v (if IXI u) 

and we are done. 

Examples 2.7 1) If A is a left -ff-module algebra regarded as an f/-bimodule algebra with 
trivial right //-action, then A cxj A and A \\ A both coincide with A^<A, and the isomorphism 
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= Q^ 1 • <p ■ 5- 1 (0 3 n <1> p 2 )^ 1 (0 3 )9p0<i>^i>^<o> <1> (pp)<i> 
tl 9p©<o> 6 ' 2 ;o> u <o><o>(Pp)<o> 

= 6 l Q l ■ <p ■ ^ 1 (0 3 )gp© 2 <i>"<i>^ 1 (^ 3 (9p)<i>©<o> <1> ^<o>< 1 >P 2 ) 

X 2 («p)<O>©<o> <o > u <O><o>Pj) 

= ^g^-s-^g^m^g 2 ^ 

= ip ix u, 

□ 



v is just the identity. 

2) If A = H, the maps u : A cx H — > A \ H and : A \ H — >■ A cx H are given by 

v(ip cx /») = X 1 • • S^iX^qlXihi t| 
^ _1 (¥> t| /i) = x 1 • </? • S~ 1 (x 3 h 2 p 2 R ) cx a^iPij, 

for all </? E ^4 and h <E H, where = <g) = y 1 (8) S~ 1 (aY' 3 )Y' 2 and = pjj <8> p\ = 
y l ®y 2 (5S{y 3 ). 

3) Let H be a Hopf algebra with bijective antipode, A an iJ-bimodule algebra and A an 
-ff-bicomodule algebra in the usual (Hopf) sense. Then the maps v : A XI A — > A\\ A and 
v~ l : A \ A — > „4 cxi A become: 

ex u) = • u<i> tj 1i<0>, 
i/ -1 (<p t| «) = ip ■ S'~ 1 (n < i > ) cx u <0>1 

for all </? E A and u E A; if moreover A = H, they become 

f(</? IX /i) = </? • hi \ hi , 
v~ x {ip \\h) = ip- 5 _1 (/i 2 ) ex hi, 

for all ip E A and h € H. 

Let now be a finite dimensional quasi-Hopf algebra. Recall that the quantum double D(H) 
(generalizing the usual Drinfeld double of a Hopf algebra) was first introduced by Majid in 
|15j by an implicit Tannaka-Krein reconstruction procedure, and more explicit descriptions were 
obtained afterwards by Hausser and Nill in ^2], ^3]. According to one of these descriptions, 
the algebra structure of D(H) is just the diagonal crossed product H* cx H. By transferring the 
whole structure of D(H) via the map v, we can thus obtain a new realization of D(H), having 
the L-R-smash product H* \ H for the algebra structure. 

We study the invariance under twisting of the L-R-smash product and first recall some facts 
from H21, 0. 

Let H be a quasi-bialgebra, A an fZ-bimodule algebra and F E H H a gauge transformation. 
If we introduce on A another multiplication, by tp oip' = (G 1 ■ip-F 1 )(G 2 - ip' -F 2 ) for all cp, ip' E A, 
where F^ 1 = G 1 (g) G 2 , and denote this structure by pA.p-i, then pAp-i is an i/i?-bimodule 
algebra, with the same unit and i?-actions as A. 

Suppose that we have a left .ff-comodule algebra 03; then on the algebra structure of 23 one 
can introduce a left i/ir-comodule algebra structure (denoted by 23 F in what follows) putting 
X F = A and ^ = Q^F" 1 (g> l<g). Similarly, if 21 is a right fZ-comodule algebra, one can 
introduce on the algebra structure of 21 a right -ffp-comodule algebra structure (denoted by 
^21 in what follows) putting F p = p and F Q p = (I21 <8> F)$ p . One may check that if A is an 
-£/-bicomodule algebra, the left and right -ffp-comodule algebras A^ 1 respectively F A actually 
define the structure of an iJp-bicomodule algebra on A, denoted by ^A^ , which has the same 
$A,p as A. 

Proposition 2.8 With notation as above, we have an algebra isomorphism 

A^A= F A F -i b F A F ~\ 

given by the trivial identification. 
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Proof. Let F l <g> T 2 and Q 1 <g> £ 2 be two more copies of F and F 1 respectively. We compute 
the multiplication in pAp-i t| : 

t|u)(^ t| «') 

= (F 1 ^ • ^ • Pvf^xp 1 ) o (F 2 x|« hl] ^ • ^ • x^G 2 ) tl ilu [0] e 2 u' <0> x l p 

= (Q'F'xi ■ f ■ 9 3 u' <1> x 2 p G 1 T 1 )(G 2 F 2 x 2 x U[_ 1 ]9 1 ■ i/, • xp 2 F 2 ) \ a$u [o] 0V <o> 5* 

= (x\-ip- 0V <:L> £j) (£ 2 «[_i] 9 1 • -0 • ^p) tj zf<u [o] 0V <o> £j, 

which is the multiplication of A t] A. □ 

3 More properties of the L-R-smash product over bialgebras 
and Hopf algebras 

The first property we want to emphasize is a direct consequence of Theorem 12.61 

Proposition 3.1 Let H be a cocommutative Hopf algebra and A an H-bimodule algebra. Then 
the L-R-smash product A \ H is isomorphic to an ordinary smash product A#H, where the left 
H-action on A is now given by h — > if = h\ ■ ip ■ S(h 2 ), for all h € H and if € A. 

Proof. Since H is cocommutative (hence in particular S 2 = id), the generalized diagonal crossed 
product A cxi H (which is isomorphic to A \\ H) has multiplication: 

(if xi h)(<p' IX h!) = <p(hx -ip'- S(h,3)) IX h 2 h! 

= if (hi ■ ip' ■ S(h 2 )) IX h 3 h' 

= f (hi — ► f') ix h 2 h , 

which is just the multiplication of A#H. □ 

The following provides us with a Maschke-type theorem for L-R-smash products, the proof is 
similar to the one for crossed products, see ^E]> Theorem 7.4.2. 

Theorem 3.2 Let H be a finite dimensional Hopf algebra such that H is semisimple and H* 
is unimodular, and let A be an H-bimodule algebra. Then: 

(i) If V G ^ H M and W C V is a submodule which has a complement in j^M, then W has 
also a complement in ^ H M. 

(ii) If A is semisimple Artinian, then so is A \ H. 

Proof. Obviously (ii) follows from (i), so we prove (i) now. Let t S H be an integral with 
e(t) = 1. By formula (15), we have 

S^^g-Hi ®t 2 = l®t, 

where g is the distinguished group-like element of H; our hypothesis that H* is unimodular 
implies g = I, hence we also get 

S~ 1 (U)ti®t2®t 3 = l®ti®t 2 . (3.1) 
Let now tt : V — > W be an ^4-projection. We construct the averaging function as in ^H], namely: 

n(v) = (1 \ S(h)) • tt((1 \\h) ■ v), V v € V. 
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Before proving that tt is ^4-linear, note the following formulae: 

(1 \ h)(<p ^l) = {h 1 -p- S-\h 3 ) \ 1)(1 \ h 2 ), (3.2) 
< P \ l h = ( ( p-S- 1 (h2)\\l)(l\\h 1 ), (3.3) 

for all cp G A and h G H, which follow by direct computation using the formula for the multi- 
plication in A \ H. Let now tp G A and v G V; we compute: 

tt(MI)-w) = (1 ii S(*i) W(l ^ 2 )M 1) ^) 

(El = (ll(S , (*i))-7r((t 2 . ¥ >.5- 1 (t4)lll)(ll;«3)-«) 

= (1 t| S(ti))(*2 • V ' 5'~ 1 (*4) \ 1) ' 7r((l t] t 3 ) • u) (since 7r is .4 - linear) 

= (Sih)^ ■ p ■ S-\t 4 ) \ 5(ti) 2 ) • vr((l tj t 3 ) • u) 

= (^•5- 1 (i 3 )^(i 1 ))-7r((lM2)-«) 
D = (95 -S-\ti)S-\S{t x ) 2 )\\){\\ S(h)i) ■ tt((1 t| t 2 ) • w) 

= fa • S" 1 ^! ^ 1)(1 tl S(t 2 )) • tt((1 tl t 3 ) • v) 
(EU) = (^l]l)(l|;5(t 1 ))-7r((lllt2)-«) 

= (y» h 1) - -?f(w), 

hence 7r is ^4-linear. The rest of the proof is identical to the one in jlSj . Theorem 7.4.2. □ 

As a consequence of Theorem 12.61 and Theorem 13. 2| we obtain the very well-known result (see 
[T§] . Proposition 7): 

Corollary 3.3 If H is a semisimple cosemisimple H op f algebra, then D(H) is semisimple. 

Let now H be a bialgebra, A an //-bimodule algebra and A an //-bicomodule algebra in the 
usual (Hopf) sense. Let also A be an algebra in the Yetter-Drinfeld category %yT>, that is A 
is a left //-module algebra, a left //-comodule algebra (with left //-comodule structure denoted 
by a t—* cJ(-i) <8> a( ) £ if <8> A) and the Yetter-Drinfeld compatibility condition holds: 

/j-iO(-i) <S> /12 • O(o) = (/ii • a)(_!)/i 2 ® (/ii • a)( ), V he H, a € A. (3.4) 

Consider first the generalized smash product AxA, an associative algebra. From the condition 
(|3.4|) . it follows that AxA becomes an //-bimodule algebra, with //-actions 

h ■ (pXa) = hi ■ tpXh,2 ■ a, 
(ipX.a) ■ h = ip ■ hx.a, 

for all h £ H, ip G A and a G A, hence we may consider the algebra (AX.A) \\ A. 

Then, consider the generalized smash product Ax^A, an associative algebra. Using the condition 

(|3,4|) . one can see that j4^<A becomes an //-bicomodule algebra, with //-coactions 

p : AxA -> (AxA) <g) H, p(aXu) = (aXu <0> ) ® u<i>, 

A : A*<A H ® (iKA), A(aKii) = a(_i)U[_i] ® (ci(o) ►<«[()]), 

for all a G 4 and u G A, hence we may consider the algebra A \ (vl^<A). 

Proposition 3.4 We have an algebra isomorphism (AX.A) \\ A = A \ (AxA), given by the 
trivial identification. 
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Proof. The multiplication in {AxA) \ A is: 
{((fXa) \ u)(((p'Xa') \ v!) 



= (((fiXa) • «<i>)(tt[_i] • (ip'xa')) \ «[o]«<o> 

= (f ■ «<i>^<a)(u[_ 1 ] 1 • tp'xu { _ 1]2 ■ a) \ u [0] u' <0> 

= ((f ■ u<i>)(°(-i) u [-i]i • pO*<a(o)(tt[-i]a ' °')) tl «[o]«<o>- 

The multiplication in A \ (vl^<A) is: 

[}p \ (aXu))(ip' \ {a'Xu')) 

= {if ■ (a'^<u')<l>)((a*<u)[_i] • ip') \ (aXu) [0] (aXu') <0> 

= (<? ■ u <l>)( a (-l)«[-i] ' l f') \ ( a (0)X u [0])(aXu' <0> ) 

= (<P ■ <i>)(«(-i)«[-i] • ¥>') t| (acojC^lo]^!] • a ►<"[()] [0] «<o>) 

= (<P ■ «<1>)(«(-1)«[-I]i • tl ( a (0) («[-l] a • a ')^< n [0]^<0>)> 
hence the two multiplications coincide. □ 

Since the L-R-smash product coincides with the generalized smash product if the right ff-action 
is trivial, we also obtain: 

Corollary 3.5 If H , A, A are as above and A' is a left H-module algebra, then we have an 
algebra isomorphism (A'x.A)^<A = A'^<(A^<A), given by the trivial identification. 



4 L-R-twisting data 

We start by recalling the set-up used in jllj . slightly modifying terminology. 
Let (A, n) be a (unital) associative algebra. Assume that there exists a bialgebra H such that 
A is a left .ff-module algebra (denote by n : H ® A — > A, ir(h (g> a) = h ■ a the action), a left 
If-comodule algebra (denote by ip : A — > H g5 A, VK a ) = a (-i) ® «(o) the coaction) and the 
following compatibility condition holds: 

(h ■ a)(-i) 8> (ft • o)(o) = a (-l) ® ft • O(o), V h e H, a £ A. (4.1) 

We call the triple (if, 7r, a left twisting datum for (A, /i) (in it is called a very strong left 
twisting datum). If we define a new multiplication on A, by 

a*b = a( )(o(_x) • b), V a, 6 & A, (4-2) 

then this multiplication defines a new algebra structure on A, with the same unit. The product 
•k is called the left twisted product. 

Example 4.1 Let H be a Hopf algebra with bijective antipode S, A an if -bimodule algebra 
with actions h (g) </? i— > /i • 99 and 99 (8) ft ► <p ■ h for all h € if , y G .4, and A an ff -bicomodulc 
algebra with coactions u 1— > <8> Ufo], u 1— > w<o> ® ^<i> for all u € A, and denote also by 
«{_!} ® U{ } ® := u < o> [ _ 1] <8> «<o> [0] ® n<i> = ig> u [0 ] <0> U[ ] <1> • Then .4 becomes a 
left if ® ff op -module algebra with action it : H ® H op ®A^ A, ir(h (g> h! <g> ip) = h ■ (p ■ h! , and 
A becomes a left if <8> ff op -comodule algebra (see [S]) with coaction ^ : A — > (if ® ff op ) (g A, 
u 1— > («{_i} 5' _1 (u{ 1 })) (8) U{o}- It is easy to check that (ff eg H° p ,tt g) id, (r ig id)(id <g ?/0), 
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where r is the usual twist, is a left twisting datum for A ® A, and the corresponding twisted 
product is 

(<f(g)u)-k {if' Ig) v!) = • ip' ■ 5' _1 ('U{ 1 }.)) <g U{ yu', 

and this is exactly the multiplication of the generalized diagonal crossed product A cxi A. 

Now we introduce the L-R- version of the above construction. Let (A, /x) be an algebra and 
assume there exists a bialgebra H such that: 

(i) A is an ff-bimodule algebra with actions denoted by 717 : H <g A — > A, 717 (ft (g a) = h ■ a and 
7r r : A <S> H — * A, 7r r (a <g ft) = a ■ ft; 

(ii) A is an if-bicomodule algebra, with coactions denoted by fa : A — > H <g A, a >— > ar-n ® oj ] 
and Vv : A — > A ® ff, a 1— > a<o> <8> a<i>; 

(hi) The following compatibility conditions hold, for all ft E H and a£i: 

(ft ■ a)[_i] <g> (ft • a) [0 ] = 0[_i] (g ft ■ a [0] , (4.3) 

(ft • a)<o> ® (ft • o)<i> = ft • a <0 > ® a<i>, (4.4) 

(a • ft)[_!] (a • ft) [0] = a[_i] <g a [0] • ft, (4.5) 

(a • ft)< > ® (a • ft)<i> = a<o> ■ ft <8> a<i>- (4.6) 

We call (H,TTi,TT r ,i(^i,'tp r ) an L-R-twisting datum for A. Given such a datum, we define a new 
multiplication on A, by 

a»b= (a [0 ] •b<i>)(a [ _i] • 6<o>), V o.kvl, (4.7) 

and call it the L-R-twisted product. Obviously it has the same unit 1 as A. Note the following 
easy consequences of the axioms: 

h ■ (a • b) = (fti ■ o [0 ] • 6<i>)(/i20[-i] • &<o>), (4.8) 

(a • 6) • ft = (o [0 ] • 6<i>fti)(a [ _ 1 ] • b <0> • ft 2 ), (4.9) 

(a •&)[_!] ®(a«6) [0 ] =a [ o] I _ 1] 6<o> [ _ 1] <8 (a [0][0] •6<i>)(a [ _ 1] '6< > [01 ), (4.10) 

(a» 6) <0 > <g (a« 6)<i> = (a[ ] <0> • &<i>)(a[_i] • &<o>< >) ® a [o] <1> fo <o><i> • (4.11) 



Proposition 4.2 (A, •, 1) is an associative unital algebra. 
Proof. We compute: 

(a«6)«c = ((a • 6)[ ] -c<i>)((o •&)[_!] -c<o>) 

d^JJJ = (o[o] [0] • b < i > c < i >1 )(a[_ 1] ■ b <0>n ■ c<i> 2 )(a[o] [ _ 1] 6 <0>[ _ 1] • c <0 >), 

am{bmc) = (a [0] ■ (b • c) < i > )(a [ _ 1] • (b • c) <0 >) 

(SHU) = ( a [o] • fo [o]<i>c<o><i>)(a[-i] 1 • & [o]< > • c <i>)( a [-i] 2 b [-i] • c <o>< >)) 
and the two terms are equal because A is an ff-bicomodule. □ 

Remark 4.3 An L-R-twisting datum is in particular a left twisting datum, but in general the 
corresponding twisted products • and respectively * are different. On the other hand, any left 
twisting datum can be regarded as an L-R-twisting datum with trivial right action and coaction, 
and in this case the corresponding twisted products coincide. 
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As a particular case of an L-R-twisting datum, obtained if the left action and coaction are trivial, 
we obtain the following concept. 

Definition 4.4 Let (A, ji) be a (unital) associative algebra. Assume that there exists a bialgebra 
H such that A is a right H -module algebra (denote by ir r : A (g> H — > A, ir r (a ® h) = a ■ h the 
action), a right H-comodule algebra (denote by ip r : A — > A ® H , ip r (a) = a<o> ® a<i> the 
coaction) and the following compatibility condition holds, for all a € A and h £ H: 

(a • h) <0> ® (a • /i)<i> = a<o> ■ h (g> a<i>. 

We call the triple (H,ir r ,ip r ) a right twisting datum for (A,fj>). If we define a new multiplication 
on A, by 

ao b = (a • 6<i>)6 <0 >, V a, b £ A, (4.12) 

then this multiplication defines a new algebra structure on A, with the same unit. The product 
o is called the right twisted product. 

Proposition 4.5 Let A be an algebra and (H, tti, n r , ipi, tp r ) an L-R-twisting datum for A, with 
notation as before. Then the L-R-twisted product • can be obtained as a left twisting followed by 
a right twisting and also viceversa. 

Proof. First consider the left twisted product algebra (A,*); it is easy to see that (H,ir r ,ip r ) is 
a right twisting datum for (A,*), and the corresponding right twisted product becomes: 

aob = (a ■ 6<i>) * b < o > 

= (a-&<i>)[o](( Q -&<i>)[-i] -b<o>) 
$M = («[o] • &<i>)(a[-i] • b <o>) 

= a»b. 

Similarly, one can start with the right twisted product algebra (A, o), for which (H,iri,ipi) is a 
left twisting datum, and the corresponding left twisted product coincides with the L-R-twisted 
product. □ 

Example 4.6 Let H be a bialgebra, A an i?-bimodule algebra with actions h (g> ip i— ► h ■ ip 
and (p £ED h i— > (p ■ h for all h £ H, ip £ A, and A an ff-bicomodule algebra with coactions 
u I— > ur_x] <8) UfQij it i— ► u<o> (8) m<i> for all u £ A. Take the algebra A = „4 ® A, which becomes 
an f/-bimodule algebra with actions h ■ (ip ® u) = h ■ p ® u and (ip <S> u) ■ h = ip ■ h ® u, for all 
h £ H, <p £ A, u £ A, and an if-bicomodule algebra, with coactions y> ® u i— > ur_i] (8> (<£> <8> U[o])i 
|(5®uh(^® ^<o>) ® «<i>- Moreover, one checks that the conditions (|4.Hj) - l|4.fi|) are satisfied, 
hence we have an L-R-twisting datum for A <8> A. The corresponding L-R-twisted product is: 

(ip ® u) • (ip' ® u') = ((ip <g> u)[ ] • (ip' ® n')<i>)((v? ® • (</?' <8> u')<0>) 

= ((</? ® Up,]) • <!>)(«[-!] • (¥>' ® «<o>)) 
= (<P ■ <!>)(«[-!] • ^0 ® «[0]«<0» 

and this is exactly the multiplication of the L-R-smash product A t) A. 

If iif is a Hopf algebra with bijective antipode S, A is an i?-bimodule algebra and A an H- 
bicomodule algebra, we have proved in Section [21 that „4t]A~.4c><iAas algebras. We derive 
now two interpretations of this result at the level of twisting data and twisted products. 
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Theorem 4.7 With notation as above, let A be an algebra and (H, 717, 7i>, i/ty, ^v) an L-R-twisting 
datum for A, H being a Hopf algebra with bijective antipode S. If we denote by tt respectively 
ip the left H <£> H op -module algebra respectively comodule algebra structures on A defined as in 
Example \4-l\ then {H ® H op ,TV,ip) is a left twisting datum for A. Moreover, the corresponding 
twisted algebras (A, •) and (A, ★) are isomorphic, and the isomorphism is defined by: 



A : (A,m) -> (A,*), A(o) = a <0 > • S A (a<i>) 
A -1 : (A,-k) -> (A, •), A _1 (a) = o <0 > • a<i>, 

In particular, for A = A (8) A, we obtain A \ A ~ A cxi A. 



V a £ A, 
V a € A. 



Proof. To prove that (H (g) H° p ,tt,^) is a left twisting datum for A, one has to check I1~T1 and 
this follows using (|4.<3|) - (j4.6j) . We only prove that A is an algebra isomorphism. The fact that 
AA _1 = A _1 A = id follows easily using (j4.fi |) : obviously A(l) = 1, hence we only have to check 
that A is multiplicative: 



X(a»b) = (a»b) <0> -S 1 ((a»b) <1> ) 

•EH) = [(«[o] <0 > • &<i>)(<»[-i] • &<o>< >)] • S-\a 

= hoi^ ■ °<i> 



b<o>< 



b^^^S \b <0><1>2 )S 1 (a[o] < i >2 )] 



[°[-i] ' ^<o><o> " $ (b<o> <1>1 

) S ( a [0]<i> 1 )] 

[ O [0]<0> • & <l>3' S ' _1 ( & <l>2)'S' _1 ( a [0]<l> 2 )] 

• 6<o> • 5' _1 (^<i>i)5' _1 (a[o] <1>1 )] 
[ a [o]<o> • 5 ' _1 («[o] <1>2 )][«[-!] • b <0> ■ S ,_1 ( b <i>)£ _1 ( a [o]<i> 1 )]> 



A(a)*A(6) 

(USD 



? <0> 



a<o>-S 1 (a<i>)] * [b <0> ■ S 1 (b <1> )] 
«<o> ■ 5 , ~ 1 ( a <i>))<o> [0] t( a <o> • 5' _1 (a<i>))<o> [ _ 1] 
^ 1 (^<i>)5- 1 ((a <0 > • 5- 1 (a <1> )) <1> )] 

a <o>< > " ^ ( Q <i>))[o][( a <o>< > • 5 , ~ 1 ( a <i>))[-i] • b <o> ■ 
S' 1 (b^^S' 1 (a <0><1> )] 

■ s- 1 

-1 



a <0> <0 > 

a <0>mi ' 
a 



J<0> 



an 



■b <0> -s-H 

)][«<o> [ _ 1] -fr<o> • S -1 (&<i>)' S ' _ ' 1 ( a <i>i)] 
„)][«[-!] • 6 <o> • -S' _1 ( & <i>)5' _1 (a[o]<i >1 )] ! 



v«<i>)][ a <o>< 0>[ _ 1] • b <0> ■ S (6<i>)5 (a< 0><1> )] 
• S ~(a<i> 2 

■ s- 1 



and the proof is finished. 



□ 



The second interpretation is inspired by the following two facts. First, by Proposition 14.51 one 
can see that A \ A may be written as a right twisting of the generalized smash product AxA. 
Second, we have the observation in ^U] that the Drinfeld double can be obtained as a two step 
twisting procedure, where at the first step the smash product is obtained; this can be extended 
to a generalized diagonal crossed product A IX A, thus obtaining A M A as a left twisting of 
v4^<A. Hence, our general result looks as follows: 

Theorem 4.8 Let A be an algebra and (H, ti>, ip r ) a right twisting datum for A, with notation as 
above, where H is a Hopf algebra with bijective antipode. Define 717 : H^f&A — > A, iri(h®a) = a-h 
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and ipi : A — > H op ® A, a S (a<i>) 55 o<o>- ^Tien (H op jir^tpi) is a left twisting datum for 
A, and the corresponding twisted algebras (A,o) and (A,*) are isomorphic, via the maps: 

A : (A,o) — > (A,-k), A(a) = a<o> • S -1 (a<i>), V a G A 
A -1 : (A,*) — > (^4,o), A _1 (a) = a <0 > • a<i>, V a£ A 

In particular, for A = AxA, we obtain A \\ A ~ A ix A. 

Proof. Similar to the proof of Theorem 14.71 □ 

We end this section with a partial answer to the following natural question. Suppose that A 
is an algebra and (H, tt, ip) is a left twisting datum for A; then how far is the twisted algebra 
(A, *) from being isomorphic to a generalized smash product? 

Proposition 4.9 Let A and (H,ir,ip) be as above. Define the algebras A H = {a G A/h • a = 

e(h)a, V h G i?} and ^4 CO (^0 = { a g Afat-.\\ ® am) = 1 ® a}- T/ien is a Ze/£ H-comodule 
algebra and A co ( H ^ is a left H -module algebra. If moreover we have that ab = ba for all a G A 00 ^ 
and b G A H , then the map A : A co ^xA H — » (A,*), A(a <g) 6) = ab, is an algebra map. 

Proof. The assertions concerning and A co ( H ^ follow easily from (|4.1[) . Assume now that 

aft = 6a, V a G .4 co(H) , 6 G .4 H . (4.13) 
Then we compute, for all a, a' G ^4 co (^) and b, b' G A^: 

A(oKi)*A(o'K^) = {ab)*(a'b') 

= a(o)V)( a (-i) & (-i) ' ( a ' 6 ')) 

= a6 (0 )(6(_ 1 ) • (a'o')) (since a G A co ^) 

= ab {0) (b { _ lh ■ a')(b { _ 1)2 -b') 

= a6(o)(6(_i) • a')6' (since b' G A**) 

= a(6 ( _ 1) -a')6( )&' (ty HI) 

= A(o(6 ( _!) • a')xb {0) b') 

= A((aK&)(aW)), 

hence A is an algebra map. □ 



5 L-R-smash coproduct over bialgebras 

Throughout this section, H will be a given bialgebra. We introduce the L-R-smash coproduct 
C \\ H, dualizing the L-R-smash product A \ H and generalizing Molnar's smash coproduct. 

Let C be an f/-bicomodule coalgebra, that is: 
(i) C is an /f-bicomodule, with structures 

p:C^C®H, p{c) = c <0> ®c <1> , 
\:C^H®C, A(c) = c ( ~ 1} <g> c (0) , 
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for all c E C. We record the (bi) comodule conditions: 

c (-i) g, C (0)(-D g, c (0)(0) = ^(-i)^ g, (c (-i) )2 ^ c (o) ) (51) 

c <oxo> g, c <oxi> g c <i> = c <o> g, (c <i> }i g ( c <i>) 2> (5.2) 

c <o>(-i) g c <o>(o) g c <i> = c (-i) g, c (o)<o> g c (o)<i> _ (5 3) 

(ii) C is a coalgebra, with comultiplication Ac* : C — > C ® C, Ac(c) = ci <8> C2, and counit 
e c : C -> fc. 

(hi) C is a left if-comodule coalgebra, that is, for all c G C: 

4~ 1) 4~ 1) ® 4 0) ® 4 0) = ct" 1 ) (8 (cW)! ® ( C (°)) 2j (5.4) 

1 )e c (c (0) ) = ec(c)lH. (5.5) 



c 

(iv) C is a right if-comodule coalgebra, that is, for all c G C: 

c< 0> ® c< 0> 55 cf^c^ = (c <0> ) 1 ® (c <0> ) 2 (8 c <1> , (5.6) 
ec(c <0> )c< 1 >=ec(c)lH. (5.7) 
We denote C ® by C \ H and elements c® hhy c\\h. Define the maps 

A : C \H -> (C 1] tf) ® (C h H ), e:C\]H^k, 

A(c t| fc) = (c< 0> tl c^ 1} /n) (2) (4 0) \\ h 2 c< x> ), £ (c t| /i) = £ C (c)£h(/i). 



Proposition 5.1 (C ^ H,A,e) is a coalgebra, called the L-R-smash coproduct. 
Proof. The counit axiom is immediate, so we check coassociativity. We compute: 



{id® A)(A(ct|/0) 

(EH 



finishing the proof. 



„<o> 



A(4 0) \ h 2 c\ 



( C <°> t, 4- 1) / il ) ^ ((4 0) )<°> i, {cft x \ 2 {c< x> \) 



r ^3(^ i> ) 2 (4 u or) 



(0)n<1>n 



(C<°> I, C 



(-l)J-l) 



/il) ® 



,(0)<0> l »(-l) 



<1>\ 



4 0)(0) h ^ 3 (cf >) 2 4 0)<1> : 



<0><0> 



,(0)(0) 



4- 1) 4- 1) ^)< 

<1> J0)<1>> 



(a 



(0)<0> 



4°)(- 1 )/ l2C <°>< 1 >; 



/„<0><0> 



,<°>(°) 



4°^- 1) / l2C < o >< i >) 



\ h 3 cf 



<!>„<!> 



( C <oxo> ^ c <o>(-i) (c (-i) 
®(4° } \ h z c< x> " <X> 



((cf 0> )f> \ {c\ 



®(c 2 <0>(0) u4- 1) ) 2 / l2C <°>< i >] 



c 2 

<o>^-i)^(-i) 

2 



(4- 1) ) 1 / ll ) ^ (( C <°>) 2 0) i, (4- 1) ) 2 / l2 ( c <°>)< i >) 



(4 0) ^ ^ 



<1>N 



A(c< 0> 1; 4 -1) >h) ® (4 0) ^2^) 
(A ®id)(A(c 



□ 
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Remark 5.2 Obviously, if the right H -comodule structure ofC is trivial (i.e. c <0> ®c <1> = c<8>l 
for all c £ C ), then C \ H coincides with Molnar's smash coproduct from 
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